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Consumer and Producer Theory

1 Utility maximisation

1.1

A consumer has utility function

u(z1,22) = (1 +21)y/T2

defined for quantities of two products, 1 and 2. Product 1 can be consumed in continuous
quantities (i.e. x1 can be any non-negative real number), while product 2 is a discrete
good (i.e., the possible levels of consumption of product 2 are xo = 0 or xzo = 1). The
consumer’s consumption must satisfy her budget constraint Pix1 + Poxo < w, where
P; > 0 is the unit price of product i = 1,2 and w > 0 is her wealth. When does the
consumer choose to buy product 22 Is product 1 a necessity or a luzury?

The consumer’s problem can be written as:

max  u(zy,z2) = (1 + z2)\/x2,

subject to:
Pz + Py <w, x1 >0, 29 € {0,1}

Assuming that the consumer’s budget constraint binds, then there are two regimes we
need to assess: 1) When x5 = 0, and 2) when zo = 1. When the consumer does NOT
buy any x5 then the amount of x; she purchases will be

. W
] = —
1 P1 )
and her utility will be
* * w
u(@y, v2) = (L +a3) Vet =[5 (1)
1
If she chooses to buy one unit of x5 then we have
=1,
* w — P2
Tr1 =
1 Pl )
and so her utility will be
w — P2

(2)

She will be indifferent between her different consumption bundles when we set the two

u(zy,z2) = (14+1)

1
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utility levels equal to one another

1/ =2
P P1

w2—2(w P2
U):4U)—4P2

3w

— P2:T7

implying that when P, = 37“’ she will be indifferent to either consuming or not consuming
2. We can also clearly see that when she will definitely consume x5 when Py < 37“’ since
2 is greater than 1.

Is 1 a necessity or luxury? This is regime dependent. When z5 = 0, then z; is a
normal good with unit income elasticity. When 23 = 1, then x; is a luxury good with
income elasticity of greater than unity (w/(w — P)). Alternatively we can look at the
demand function for z:

W if P> 3%
z1(P,Pyw)=< 7
1(Pr, Py, w) {wpl& if P, <32

The budget share for x; of the consumer is unity in w for small values of w, then jumps
discontinuously down when w reaches %PQ, and then increases again with w. Thus, this
product is neither (globally) a necessity or a luxury.

1.2

A consumer has utility function
u(zy, o) = (x1 + 1o

over goods x1,x2 > 0, and faces budget constrain Pyx1 + Poxo < w.

1.2.1

Show that the utility function is strictly quasi-concave.
Recall that

e A necessary condition for a function to be quasi-concave is that the even-numbered
principle minors of the bordered Hessian be non-negative and the odd-numbered
principle minors be non-positive; and

e A sufficient condition for a function to be quasi-concave is that the even-numbered
principle minors of the bordered Hessian be strictly positive and the odd-numbered
principle minors be strictly negative.
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The bordered Hessian for u is:

0 Ty 1421
H)y=| 2,0 0 1
1+.’E1 1 0

The principal minors are |(H);| = —2% < 0 and |[(H)a| = —x2(—(1 + z1)) > 0 which
verifies strict quasi-concavity.
1.2.2

IfP=(P,P,)" =(4,1) and w = 2, what is the consumer’s demand for 1 and xo?
Set up the consumer’s problem as:

max  u(zy,z2) = (1 + x1)xe,

subject to:
Pixy + Pxs <w, 21 >0, 22 > 0.

We setup the following Lagrangian:
7 = (1 + xl)xg + )\(w — P1$1 — PQZL’Q),
and the KKT conditions:

Z1=x2—AP1 <0, 71 >0, 1172, =0,
Zy =142 — AP, <0, 22 >0, 2223 =0,
Z)\:’LU7P1I17P2I220, AZO, )\Z)\:O
To verify slackness, we know that our parameters are all greater than 0. From Z,, this
implies that 1 and x5 cannot both be zero. From Z,, if 1 = 0 then it implies that A = 1

which implies that zo > 0 from Z;. This means that Z5 and Z, hold with strict equality.
Thus, we have two regimes: 1 =0,7; <0 and x; > 0,2, =0.

If we have £1 > 0 — Z; = 0, then from our KKT conditions we have:

x2:4)\
1+IL’1:)\
2=l‘1+4$2.

But this regime cannot hold, as solving for z7 gives a value less than zero. Thus, we turn
our attention to xr1 = 0 = Z; < 0. For our given parameters we attain the following
optimal point:
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1.2.3

Derive the Walrasian (or Marshallian) demand functions x1(P,w) and z2(P,w) for gen-
eral (P,w).

For the general case, we have the same KKT conditions as before. But assuming that
prices and wages have no constraints, we assume that x1, 2z > 0 and that all constraints
bind with equality. This gives the following optimal point:

*_W—Pl
1T Top
« Pitw
27 Top,
)\*:Pf—i—le
2P, ’

where x* are our Marshallian demand functions.

1.2.4

What is the indirect utility function? Verify Roy’s Identity.
The indirect utility function is the utility function evaluated with our Marshallian
demand functions:

V(P,w) = u(x*(P,w)),
S0
V(P,w) = zjzs + a3

w—P1P1+w+P1—|—w
2P 2P 2P,

Roy’s Identity allows us the extract the Marshallian demand functions from the indirect
utility function, and is defined as follows:

oV v

z; (Pyw) =

For x; the ratio of partial derivatives using Roy’s Identity gives us

2(w+P1)4P1P2—(w+P1)24P2 % 4P1P2
16P7P} Nwt P

x] =—

and after rearranging we get:

which is the same result as above.
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2 Expenditure minimisation

2.1

Suppose there are L products and a customer’s expenditure function takes the Gorman
Polar Form:
e(P,u) = a(P) + ub(P).
Show that the Engel curves are straight lines.
We need to obtain Walrasian/Marshallian demand functions to talk about Engel
curves. Since, in general,

e(P,V(P,w)) = w,

it follows that
a(P) +V(P,w)b(P) = w,

and hence

VP, w) = L2 ;(;()P).
Now, we can apply Roy’s Identity
ov oV
w(Bw) = =55 w
ov. 0 _1 a(P)
35~ op, wb(P)™" — b(P)
— —un(P) 2y (P) - L )b(Pb)(;, dLeliLe
_wb(P)  d(P)B(P) —a(P)V(P)
b(P)? b(P)?
_ a(P)V(P) — d/ (P)b(P) — wb' (P)
b(P)? ’
ov 1
ow — b(P)’
ov oV a(P)b(P) — a'(P)b(P) — wb/ (P)
S OP w o(P) b(P)?
_ =b(P)a(P)V/(P) + o' (P)b(P)? + b(P)wb' (P)
B b(P)2
- o (p) + AELE) HEIPE)
o)+ PR E)
_0a(P) = 0b(P)w —a(P)
n(Pw) =55 P b(P)
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We can see that the income effect does not depend on w. Strictly, Engel curves are
depicted in product space. With two products, say, we need to show that x5 is a linear
function of x; as w varies, but this is obvious given that both products’ demands are
linear in w.

2.1.1

Assume that a consumer’s consumption set is X C RY such that x; > 7, for each | =
1,...,L, where v = (v1,...,7L) 18 a vector of parameters with vy, > 0. Suppose that the
consumer’s utility function defined on X takes the Stone-Geary form:

=

u(z) = | | (@ — )™,

1

where each oy > 0 and Zlel a; = 1. Show that the consumer’s expenditure function takes
the form in the previous question. Interpret a(P) as subsistence expenditure, and b(P) as
a price index which represents the marginal cost of living.

Let z; = x; — ~;, which allows us to write our problem as:

L
max H 2,
=1

which is a simple Cobb-Douglas maximisation problem for a consumer with w — ~P
income. An interior solution to this problem is:

w—~yP
2 =0 Tl ,

w—vP
Ty=2+M = P +

and since z; = x; — ;¢

which we can rewrite as:

L
w—>"1 P
T =0 (;;l_l > + 7,

and taking z; and plugging it back into our utility function yields the indirect utility

function:
L L
_ P
V(P w) =[] [al (w lejl:l m)

ay

=1

L L L

[ vEe,w) =] e <w -> Pm)
=1 =1 =1

L

L

N
71_[[;1 lal VP,w)=w— E Py,
[LZ o 1=1
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and since we always have the identity that

V(P,e(P,u)) = u,

L
P
= e(P,u) = Hl:%lqu’yP

L
|
L « L
Pl l
- -t Py
[H() w3 P
=1 =1

This takes the form in the first part of the question. The term a(P) = Zle Py, rep-
resents the minimum wealth needed to purchase the bundle of ‘subsistence quantities’ 7y,
(utility is not defined unless the consumer has w at least equal to this level). The ‘spare’
wealth is w — Zle Py, and this is used to generate utility. The cost of an extra unit of
utility is

b(P) = E (f) |

which is clearly a price index: it equals a geometric weighted average of the individual
prices, with more weight put on prices of more important products.
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3 Constant elasticity of substitution
3.1
Consider the CES utility function

u(zy, z0) = 2§ + 25,
where 0 < 0 < 1.

3.1.1

Show that u is a quasi-concave function in x1 and xs.
Much like the question 1.2, we need the bordered Hessian matrix of u to make inference
on its quasi-concavity. The bordered Hessian for u is:

0 991 051
(H) = |29 66 —1)2f 2 0
x5! 0 0( —1)z52

The principal minors for (H) are

|(H.1)
|(Hz)

thus proving u is quasi-concave.

| = —92x?072 <0,
| = =020 102971 — 0(0 — 1)2572) > 0,

3.1.2

Derive the Walrasian (or Marshallian) demand functions and indirect utility function.
Verify that these functions are homogeneous of degree zero in (P,w).
The consumer’s problem is
max x‘f + xg

subject to
Pll’l + PQJCQ =Y.

The Lagrangian is
Z =a{+ 25 + \Y — Piz1 — Pas),

and the first order conditions are:
Zy =021 - \P, =0

Zo =025 = AP, =0
Z,\ :Y—Pll‘l —Pgl‘g =0.
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Rearranging and solving for the optimal values gives us

. (P\7T oY
€r{ = _ _
! 9 72t =
P77+ P

. P2 9£1 Yy
To = —_ —_—
2 ] 72T 2’

1

0—1
. oYy
N=|———=
Ple—l +P29—1
The indirect utility function is thus
0 6 0 0
P\ 7 * oY P\ 71 oYy

V(PY)= (9) o o + (9) o o
P1€—1 +P28_1 P19—1 + P29—1

Use x} to show HODO where 7* denotes degree k of homogeneity:

(nP)710(nY)
(n0)7=T (nPy)7=T + (nf)7=1 (nPy)7=1
1+6—1

n T P 710y
77 0T P 4 97 Py

—

where n° = HODO. By symmetry the same holds for 23, and thus the indirect utility
function is also HODO.

3.1.3

Show that the elasticity of substitution between goods 1 and 2 is constant and equal to
1719. Note that the elasticity of substitution between goods 1 and 2 is defined to be

2] g

zo(P,w P.

e(P,w) = — - xl(;w) .
9 {?2] z2(P,w)

We wish to prove that ¢(P,w) = ﬁ. Define

A=0P] +0P],

and
N HYPff1
Ty = —"7 >
Ado-1
N OYP;‘1
Ty = 1
Av—1
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Start with

_1
¥l OYPIT AT <P1>911
ATT gypro \D2)
and for the second term of e:

1 1—1_ 6=2
Pl P1 0—1 _ Pl 6—1 Pl 6—1
P\ P T\ R Py '
Then, differentiating the expression for the ratio of the Marshallian demand curves with
respect to Py /P yields:
2—6
1 P\ T
0—1\ Py ’

which gives our result for the elasticity, e:

2-0 6-2
. 1 P\ 1 /P \?1! . 1
‘T le-1\p Py 16

10
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4 Cost minimisation

This question is about a profit maximising firm. However, it could also apply to a utility
mazximising consumer whose level of utility is given (i.e. expenditure minimisation). Let
c(W,q) be a firm’s minimum cost of producing q units of a single output when input
prices are W = (wy,...,wr) ", and let 2(W,q) = (2:(W,q), ..., z.(W,q)) be the choice
of inputs which minimise its cost of producing this output (so z(W,q) is the conditional
factor demand function). Define s;; = %:Z"I) fori,5 =1,...,L. The L x L matrix

whose (i, j) th element is s;; is denoted S.

4.1

Why is S negative semi-definite and symmetric?
¢(W, q) is concave in W and by Shephard’s Lemma

dc(W, q)
ow;

Since the matrix of second order derivatives is symmetric, and here is equal to the matrix
of derivatives of z, it follows that the matrix of derivatives of z is both symmetric and
negative semidefinite (NSD), implying that all the diagonal elements are negative. Recall
that for a matrix A:

o If |4;] > 0,1 < i <mn, then A is positive semi-definite;
o If |A;| <O for i is odd and |A;] > 0 for ¢ is even, then A is negative semi-definite.

Since S is a matrix of first order partial derivatives of the firm’s conditional factor demand
functions (by Shephard’s lemma) we know that the diagonal elements of S essentially
capture the substitution effect of input ¢ and its factor price — and we know by Slutsky’s
equation that the substitution effect is negative. Finally, a NSD matrix implies that the
underlying cost function is convex, and that we have a global minimum. Combining these
facts completes our requirement for NSD.

As for symmetry, the off-diagonal elements essentially give us our cross-price effects of
input ¢ and j for ¢ # j. Using Shephard’s lemma and Young’s theorem, we know that
these cross-price effects must be symmetrical.

Let Z; be the conditional factor demand for input 7, ¢ be the firm’s cost function, and P;
be the price of input i. By Shephard’s lemma we have:

oz, 0 Oc
OP;  OP; 0P,
and by Young’s theorem:
9 B
- OP;0P;,  OPOP;
_ 93
- op;’

11
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4.2
Show that for each i =1, ..., L we have

L

Z aZz -0

Deduce that the determinant of S is zero.
We can use duality theory to justify this, and look at a simple two input case. If

321 82’1
— =0
b 8w1 tws (’)wg
then
w 821 _ (921
! 8w1 a 2 8’(1)2 '

We can set the ratio of input prices equal to the ratio of partial derivatives of conditional

demands wrt inputs:
w1 821 82’1

w2 B 8w1 a’LUQ
which is analogous to the standard consumer utility maximisation/firm profit maximisa-
tion problem, thus verifying the general case for the input shares summing to zero.

4.3

The matriz below shows S for a profit mazximising firm with three inputs at the input

prices W = (1,2,6) 7

S11 S12 S13 —10 ?
S = S§921 S22 S23| = ? —4 7
S31 S32 S33 3 ? ?

Using Young’s Theorem we can start to fill in the matrix, giving us:

-10 -4 3
—4 -4 2
32 —7/6

To start, we know by Young’s Theorem that s3; = s13. Next we can get si2 using the
properties from the previous question

1x—-104+2Xs5124+6x3=0
:><812:—4,
:>521:74,

and repeat this process for the other elements. Then check if S is NSD.

(=1)[S1] = 10
(—1)%|S2| = 24
|S3| =0,

12
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therefore S is NSD. We know that if Hicksian demand functions have a matrix of deriv-
atives which is symmetric and NSD, we can find a utility function/production set which
generates these functions. Thus, S possesses all the required properties.

13
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5 Separability and quasi-linear utility
Consider the separable, quasi-linear utility function
u=v(x1,T2) + Y23

where
v(x1,29) = alogxy + flog o

5.1

Derive the demand for the three goods.
Our problem is the following:

max u(x) = alogzy + Blog s + vy

subject to
P1£L'1 + PQI’Q + P3$3 =Y.

Our Lagrangian is:
Z = alogxy + flogze + vyas + A(Y — Pizq — Paxg — Paxs),

with the following first order conditions:

Zi=2 AP =0,
Z1

Z=2 _ap—o,
)

Zg =7 — )\Pg = O,
Z,\ =Y — Plxl — PQQ?Q - P3l‘3 =0.
With some rearranging, we get the following:

g . BB Y a-p
R R S o) v P

A=

5.2

Show that the income effects for goods 1 and 2 are zero.
The income effect is given by the Slutsky equation.

* 7

opr, _op, Uiy

So, for x; and xs:

x*f)x’{ _aPs 0=
Loy — AP, o
N L

x = X
29y T 4P,
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5.3

Derive an expression for the expenditure on the separable group as a function of prices of
all of the goods.
Spending allocated to x; and x5 is

5.4

Solve the sub-utility mazximisation problem for goods 1 and 2 subject to the budget con-
straint derived in the previous question and show that the demands for goods 1 and good
2 are identical to those derived derived in the first part of this question.

Our Lagrangian is now

oa+f

Z = alogxy + Blogxs + A\(Ps ( ) — Pix1 — Poxs),

with the following first order conditions:

(6]

AR =
1 $1P1 )
p
Zy : =A
2 ,’EQPQ )

Zy: P3 (Ot:l;ﬁ) =+Pix1 + Pxo.

From the above first order conditions, we get
CYPQ.’EQ
P’

which we substitute into our Z, condition to get an expression for x3 :

* P3(Oé+ﬂ>

Ty = —F
Py (§+1)

_ B(a+P)B
YR (o + B)

VP 2

xr1 =

By symmetry, we also get the same result for x7:

OéPg
YPy

] =

15



